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1.1 Introduction

Rigid registration has been studied extensively over the past several decades, both for
medical and non medical applications [28, 32]. Surprisingly, it is still an active area of
research [26, 54, 64].

In the medical context, the use of a rigid transformation to align data is particularly attrac-
tive. The transformation itself is the simplest useful transformation, with only six degrees
of freedom. It is invertible, has a simple composition rule, and, most importantly, there are
rigid registration tasks that have analytic solutions with well understood error predictors.

This is why, currently, the majority of image guided navigation systems model whole
anatomical structures as rigid bodies and employ rigid registration. Although this model
is only correct for registration of intrapatient osseus structures, there are cases where it is
sufficiently accurate1 for procedures concerned with soft tissue, most notably neurosurgical
procedures.

Registration methods are categorized according to many criteria that broadly fall into two
general classes, input related, and algorithm related [58]. We describe rigid registration
algorithms by first classifying them according to the data dimensionality, an input related
criterion, and then classifying them according to the data type used by the registration
process, an algorithm related criterion.

Currently the available input sources for registration include three dimensional images (e.g.
CT), two dimensional projective images (e.g. X-ray fluoroscopy), two dimensional tomo-
graphic images (e.g. Ultrasound), and three dimensional digitized points obtained in several
ways including, contact based digitization with a tracked probe, laser range scanning, and
stereo imaging using standard video images.

Data types used for registration can be classified as either geometric objects, or image
intensity data. The rationale for using geometric objects is that using sparse, accurately
segmented, geometric data results in fast running times, and that intra-modal and inter-
modal registration are not distinct cases. The rationale for using image intensities is that
they do not require accurate segmentation and that the use of more information potentially

1By sufficiently accurate we mean that the registration error does not effect the procedure outcome. That
is, the distance between correct and computed point locations is less than a pre-specified threshold as defined
by a physician for a specific procedure (a subjective measure).
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results in robustness to outlying intensity values.

Using the criteria described above, we first classify algorithms as either three dimensional
to three dimensional (3D/3D), or two dimensional to three dimensional (2D/3D) and then
classify them into geometry or intensity based algorithms. Algorithms that do not fall into
these categories are also described at the end of each section.

1.2 3D/3D registration

Image guided navigation systems utilize 3D/3D rigid registration for two purposes, align-
ment of complementary image data sets for planning, and alignment of image data to the
physical world for intraoperative navigation.

Definition Given two data sets defined over the domains Ωl ⊂ R3,Ωr ⊂ R3:

Fl : xl ∈ Ωl 7→ Fl(xl)
Fr : xr ∈ Ωr 7→ Fr(xr)

with, possibly, additional side information (e.g. pairing between corresponding features)
find the rigid transformation:

T : xl 7→ xr ⇔ T (xl) = xr

where xl ∈ Ωl, xr ∈ Ωr.

Specific registration instances are defined by the mappings Fl and Fr. Two common map-
ping combinations are: 1) Fl and Fr are the identity map, point set to point set registration;
and 2) Fl and Fr map locations to intensity values, image to image registration.

1.2.1 Geometry based methods

Various geometric objects have been used for 3D/3D registration with point and surface
data being the most popular, and thus the focus of this section.

To understand why these are the geometric objects of choice we evaluate them with regard
to a set of desired characteristics:

1. Closed form solution - There is a registration algorithm based on this geometric object
that has a closed form solution.

2. Number of detectable objects - The number of corresponding objects detectable across
data sets is sufficient for registration.

3. Localization - Accurate object localization in all data sets is simple and has a low
computational cost.

4. Correspondence - Establishing object correspondence across data sets is simple.

Point data arises from two sources, anatomical structures and fiducial markers. In both
cases there are closed form solutions when correspondences between data sets are known
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Figure 1.1: Registration fiducials: (a) CT/MR compatible adhesive skin marker from IZI
Medical Products Corp., Baltimore MD, USA; (b) CT compatible adhesive skin marker from
Beekley Corp., Bristol CT, USA; (c,d) Acustar II CT/MR compatible implantable markers
with interchangeable caps from Z-kat, Hollywood Fla, USA, manufactured by Stryker, Kala-
mazoo MI, USA (c) with imaging cap and (d) with conical cap for pointer based digitization
(implantable markers courtesy of J. M. Fitzpatrick).

[1, 18, 37, 38, 80, 87, 93]. This is the primary reason for the popularity of point based
registration which is one of the few registration tasks that have a closed form solution.
The number of distinct anatomical points that can be detected per organ across modalities
is usually small and their accurate localization is a hard task which is still a subject of
research [97]. Fiducial points, on the other hand, arise from markers that are designed
to have the desired characteristics (see Figure 1.1 for examples). The number of points is
set by the user and the fiducial design is such that detecting and accurately localizing it
across the relevant modalities can be done efficiently [61, 94]. Finally, for both point types
establishing correspondences can be done both automatically (e.g. [30]) or manually, with
the manual approach most often used in image to physical space registration.

Surfaces arise from segmentation of anatomical structures in images, and from dense point
digitization of exposed anatomical structures. Unlike point data, there is no closed form
solution to surface based registration. In most cases a single surface in each data set is used
for registration, providing that the detected surfaces have sufficient overlapping regions.
The ease of iso-surface segmentation in medical images is the primary reason for the wide
spread use of surface data for registration, most notably the marching-cubes algorithm [52].
Finally, establishing correspondences between surfaces is usually not an issue as in most
cases only a single surface is involved.

Paired Point methods

Paired point registration arises when the mappings Fl and Fr in Definition 1.2 are the
identity mapping and point correspondences are known. For a unique solution to exist the
data must include three or more non collinear points.
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In general, we are given two sets of corresponding 3D points obtained in two Cartesian
coordinate systems using a measurement process having additive noise:

xli = x̂li + eli

xri = x̂ri + eri

where x̂li, x̂ri are the true point coordinates that satisfy the constraint T (x̂li) = x̂ri,
xli,xri are the observed coordinates, and eli, eri are the respective errors in the measurement
process.

The most common solution to this problem is based on a least squares formulation:

T :
n∑

i=1

‖xri − T (xli)‖2 → min

The transformation T = [R, t] is optimal when the errors, e = R(el)− er, are independent
and have an identical zero mean Gaussian distribution. This assumes that the original
errors are isotropic, Independent and Identically Distributed (IID) with a zero mean Gaus-
sian distribution. In most cases these assumptions do not hold (e.g. optical tracking where
the uncertainty is greater along the viewing direction). Several algorithms that relax these
assumptions have been published. These include a generalized total least squares formu-
lation [68], a hetroscedastic errors-in-variables regression formulation [60], a method for
dealing with anisotropy arising from the use of reference frames [3], an extended Kalman
filter formulation [70], and an unscented Kalman filter formulation [65].

Currently none of these methods is in wide spread use. The continued use of least squares
solutions can be attributed to their mathematical and implementational simplicity and to
the fact that for many procedures their accuracy is sufficient, although not optimal.

The primary difference between the various least squares solutions is in their representation
of the transformation operator. These include the standard matrix representation [1, 38,
80, 87], a unit quaternion based rotation representation [18, 37], and a dual quaternion
representation of the transformation [93]. While the mathematical derivation of the solution
varies according to the transformation representation, the performance of all algorithms has
been empirically found to be comparable [16].

We now briefly describe the two most popular solutions, with the rotation operator rep-
resented as a matrix, and unit quaternion. In both cases the estimation of the rotation
and translation is decoupled by replacing the original measurements with their demeaned
versions: x′li = xli − µl, x′ri = xri − µr. The least squares formulation is then rewritten as

[R, t] :
n∑

i=1

‖x′ri −R(x′li)− t′‖2 → min, t′ = t− µr +R(µl)

with the optimal translation given by

t = µr −R(µl)

In both cases computation of the optimal rotation utilizes the following correlation matrix

C =
n∑

i=1

x′lix
′
ri

T =




Cxx Cxy Cxz

Cyx Cyy Cyz

Czx Czy Czz
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with the matrix based solution using the Singular Value Decomposition, SV D(C) = UΣV T ,
yielding the optimal rotation matrix as

R = U




1
1

det(UV T )


V T

and the unit quaternion based solution given by the eigenvector corresponding to the max-
imal eigenvalue of the matrix

N =




Cxx + Cyy + Czz Cyz − Czy Czx − Cxz Cxy − Cyx

Cyz − Czy Cxx − Cyy − Czz Cxy + Cyx Czx + Cxz

Czx − Cxz Cxy + Cyx Cyy − Cxx − Czz Cyz + Czy

Cxy − Cyx Czx + Cxz Cyz + Czy Czz − Cxx − Cyy




Surface based methods

Surface registration arises when one or both of the mappings Fl and Fr in Definition 1.2
are indicator functions with a value of one at surface points and zero otherwise. While this
description uses an implicit surface representation, in most cases surfaces are represented
explicitly as triangular meshes, although other implicit (e.g. distance maps) and explicit
(e.g. NURBS) representations are also possible.

We limit our description of surface based registration methods to the case where one or
both surfaces are represented as a set of points, as in the medical context this is the most
ubiquitous instance of surface registration. This is primarily due to the fact that it is easy
to reduce all surface registration tasks to this specific task via sampling. For descriptions
of additional surface based algorithms including deformable registration see [2].

One of the first successful surface based registration algorithms is the head-and-hat algo-
rithm of Pelizzari et al. [69]. The algorithm aligns two surface representations of the brain
segmented from complementary imaging modalities. The surface extracted from the lower
resolution data, the ”hat”, is represented as a set of points, while the surface extracted from
the higher resolution data, the ”head”, is represented as a set of stacked 2D closed contours.
The algorithm iteratively minimizes the sum of distances between the rays originating at
”hat” points going through the ”head” centroid, and the ”head” surface using the Powell’s
standard optimization method [75]. Note that this algorithm is tailored for registration of
images of the head, as the point matching strategy best suites spherical objects. In many
ways this algorithm is a precursor of what is currently the common approach to point set
to surface registration, the Iterative Closest Point (ICP) algorithm.

The ICP algorithm was independently introduced in [100], [11], and [5], with the later
coining the name ICP. In practice the acronym ICP is now used to describe algorithms that
follow an Iterative Corresponding Point framework, rather than the original closest point
approach. In essence the ICP framework is an iterative two step approach with the first
step establishing point correspondences and the second step computing a transformation
based on these matches, yielding incremental transformations whose composition is the
registration result. Table 1.1 summarizes this general framework.

The popularity of the ICP framework is primarily due to its presentation in [5]. The
algorithm is simple and a proof of local convergence when correspondence is based on
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Input: point set Pl, surface Sr,
τ > 0 - improvement threshold, n - maximal number of iterations

0. Initialization:

(a) Set cumulative transformation, and apply to points.

(b) Find corresponding points and compute similarity (e.g. root mean square dis-
tance).

1. Iterate:

(a) Compute incremental transformation using the current correspondences (e.g. an-
alytic least squares solution), update cumulative transformation and apply to
points.

(b) Find corresponding points and compute similarity.

(c) If improvement in similarity is less than τ , or number of iterations has reached
n terminate.

Table 1.1: Iterative Corresponding Point (ICP) framework

the Euclidean distance is given. Additionally, the technique is shown to be versatile and
successful, as the authors both describe closest point computations using several surface
representations and show successful registration results on a variety of geometric objects.

In practice, the original framework suffers from several deficiencies: (1) convergence is
local, requiring an initial transformation near the global optimum; (2) point pairing is a
computationally expensive operation; and (3) the framework uses a least squares method
for computing the incremental transformations and is thus sensitive to outliers and makes
the implicit assumption that noise is isotropic IID with a zero mean Gaussian distribution.

A large body of papers addressing these issues exists.

Methods for improving the probability of convergence to the global optimum include, ini-
tialization approaches such as manual alignment of the data or initial registration using
inaccurately localized paired points such as anatomical landmarks [55], multiple registra-
tion runs with different initial transformations [5], and use of heuristic global optimization
methods such as simulated annealing [25, 53, 73].

Methods for accelerating the running time include, use of the kd-tree spatial data struc-
ture [5, 29, 81], closest point caching [81], extrapolation of the transformation param-
eters [5, 81], approximate nearest neighbor searches [29], parallelized nearest neighbor
searches [45], hierarchical coarse to fine data sampling approaches [100, 40], and combi-
nations of these methods.

Methods for dealing with the deficiencies of the least squares approach provide robustness
by replacing the least squares formulation with methods based on M-estimators [42, 55],
least median of squares [59, 85], least trimmed squares [12], and weighted least squares [62,
86, 100]. To remove the assumption on the noise characteristics the least squares approach
can be replaced by the generalized total least squares [17], the unscented Kalman filter [65],
or any of the other methods described in the previous section.
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Finally, it should be noted that some researchers [19] advocate the use of classical optimiza-
tion approaches instead of the two step ICP framework. The rationale being that the large
body of research on robust estimation using classical optimization tools can be brought to
bear on the current task. The proposed algorithm replaces point pairing with a precomputed
distance map and liner interpolation to estimate point to surface distances. Optimization is
then carried out using the Levenberg-Marquardt algorithm with M-estimators replacing the
the sum of squares objective function. While this approach was not evaluated using medical
data, a similar solution has been used successfully in the medical context [4], registering
point data extracted from ultrasound to a bone surface extracted from CT.

1.2.2 Intensity based methods

Intensity based registration arises when the mappings Fl and Fr in Definition 1.2 map
locations to intensity values, image to image registration. These are either the original
images as acquired by the imaging apparatus or images derived from them.

While most intensity based registration algorithms utilize the original intensity values di-
rectly, some methods perform a ”fuzzy segmentation”, attempting to strike a balance be-
tween the geometric feature based and purely intensity based approaches. Images derived
from the original ones are created by mapping the original intensities to values that are
loosely related to geometric structures found in the images. The new images are then used
as input for the registration algorithm.

Examples of this approach include, registration of CT/MR brain images [57], registration of
US/MR liver images [71], and registration of US/CT bone images [72]. In [57] the original
intensities are replaced with values related to the likelihood of the spatial location being an
edge or ridge, based on gradient and Laplacian information. In [71] and [72] the original
intensities are replaced with values representing the probability that the spatial location is
part of a blood vessel, in the former case, and a bone soft tissue interface, in the later case.
The mapping function is learnt from a segmented training set using image features such
as intensity values, gradient magnitude, and characteristics of intensity profiles along the
beam direction in the case of US. In all cases the derived images replace the original ones
as input for intensity based registration.

Intensity based registration is cast as an optimization task where the objective function
is directly dependent on the image intensity values and the transformation parameters.
Given that optimization is carried out over a continuous domain and intensity values are
only available on a discrete grid the registration process invariably requires interpolation of
intensity values at non grid locations. A registration algorithm is thus uniquely defined by
the following components:

1. Similarity measure (objective function).

2. Optimization algorithm.

3. Interpolation scheme.

The first step when casting a problem as an optimization task is to define the objective
function. Most research has focused on devising task specific similarity measures, as this
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is the only component in the registration algorithm that is directly related to the data at
hand.

Ideally a similarity measure is continuous, strictly monotonic and has a unique global op-
timum for the correct transformation parameters. In practice the only requirement from a
similarity measure is that it have a local optimum for the correct parameters. Given this
condition it is not surprising that many similarity measures have been proposed. In general
similarity measures can be divided into two classes, measures that assume the existence
of a deterministic functional relationship between intensities and measures that assume a
stochastic relationship. Table 1.2 presents various image intensity relationships and appro-
priate similarity measures that are described in the following discussion.

The simplest intensity relationships arise in the context of intra-modality registration. In-
tensity values are assumed to be identical across images or related via an affine transforma-
tion (often referred to as linear).

Two related similarity measures that assume intensities are only subject to zero mean
Gaussian noise are the Sum of Squared Differences (SSD, squared L2 norm of the difference
image) and Sum of Absolute Differences (SAD, L1 norm of the difference image). The
primary distinction between them being that the L1 norm degrades more gracefully in the
presence of outliers, although it is not robust in the breakdown point sense. Another, more
robust, measure that makes the same assumption is the entropy of the difference image [9],
H(Fl(x)− Fr(x)), although it is less popular due to its greater computational complexity.

In practice, even when intensities are assumed to be identical the noise does not necessarily
follow a zero mean Gaussian distribution. This is why more often an affine intensity mapping
is assumed and the Normalized Cross Correlation (NCC), Pearson’s r [75], is used. This
is probably the most popular similarity measure to assume a deterministic functional rela-
tionship between intensities. It should be noted that simple variations of the NCC such as
tessellating the images and using the sum of local NCC values as the similarity measure can
accommodate more general functional relationships such as those relating MR and CT [95].
A mathematical model motivating such an approach can be derived if it is assumed that
the intensity relationship between the images is characterized by a low frequency spatially
varying multiplicative and additive bias field:

Fr(x) = f1(x)Fl + f2(x)

using the Taylor expansion and taking only the first terms we get:

Fr(x0 + δ) = [f1(x0) +∇f1(x0)δ + O(δ2)]Fl +
[f2(x0) +∇f2(x0)δ + O(δ2)]

' f1(x0)Fl + f2(x0)

The intensity relationship is to first order locally affine making the sum of NCC values in
a tesselated image a natural similarity measure.

The most generic similarity measure to assume intensities are related via a deterministic
functional is the correlation ratio [77]. Unlike the previous similarity measures the cor-
relation ratio does not require an explicit functional. This is an advantage, as explicit
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functionals are usually based on approximations of the physical imaging processes, which
are often hard to model. While the correlation ratio is not in wide spread use, it has been
successfully applied to rigid registration of PET/T1, CT/T1, and T1/T2 data sets [77].

More complex intensity relationships arise in the context of inter-modality registration,
where the intensity relationships are stochastic and not deterministic. Similarity measures
based on the information theoretic concept of entropy were introduced in the 1990’s. These
measures assume that intensities are related via a statistical process, and that the joint
and marginal image entropies can be used to align the images. In most cases the measures
use Shannon’s definition of entropy, H = −∑

i pi log pi, although other definitions exist
(e.g. [41]).

The two most widely used similarity measures in this category are Mutual Information (MI)
and Normalized Mutual Information (NMI).

MI was independently proposed as a similarity measure by Collignon et al. [13, 56] and
Viola and Wells [91, 90]. It has been successfully applied to various inter and intra modal-
ity registrations, including CT/MR, PET/MR, MR/MR, and CT/CT. NMI was proposed
in [82] as an overlap invariant version of MI. The normalization results in a measure that
does not depend on the changes in the marginal entropy values due to changes in the region
of overlap.

An exhaustive survey of these similarity measures and their application to various registra-
tion tasks is given in [74]. This survey is perhaps one of the few papers to explicitly address
the fact that implementation decisions can significantly influence registration performance.
In the case of MI, its definition is unique, but its implementation relies on the estimation
of the joint and marginal intensity probability distributions. Thus the choice of estimation
method and its parameters can influence the registration results. The two common estima-
tion approaches are joint histogram computation and Parzen windowing [15]. Interestingly,
the original MI papers also differ in their implementation choices with Collignon et al. using
a histogram based estimate and Viola and Wells using a Parzen windowing estimate.

While MI is applicable in many registration tasks it does not address all registration chal-
lenges, most notably the correct transformation parameters will usually correspond to a
local optimum. This requires either good initialization when using general purpose opti-
mization techniques and caution when applying heuristic global search methods, such as
simulated annealing. In addition, the computational cost of MI is higher than that of most
deterministic functional similarity measures.

Currently, there is no universal similarity measure that is optimal for all registration tasks,
although without problem specific knowledge MI is at least applicable. Incorporating prob-
lem specific knowledge when devising or choosing a similarity measure usually improves all
aspects of registration performance.

In most cases the ”best” similarity measure is chosen from several applicable ones based
on its computational complexity, robustness, accuracy, and convergence range. The first
two criteria can be analyzed in a context independent manner based on the mathemati-
cal definition of the similarity measure. The remaining criteria, accuracy and convergence
range, do depend on the specific imaging modalities, and are most often evaluated in one
of two ways: assessing registration performance as a function of the similarity measure,
and by exploring the behavior of the similarity measure as a function of the transformation
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relationship between similarity measure
intensity values

identity Sum of Squared 1
n
Σx∈Ωlr‖Fl(x)− Fr(x)‖2

Differences (SSD)

identity Sum of Absolute 1
n
Σx∈Ωlr |Fl(x)− Fr(x)|

Differences (SAD)

affine Normalized Cross
Σx∈Ωlr

(Fl(x)−Fl)(Fr(x)−Fr)√
Σx∈Ωlr

(Fl(x)−Fl)
2Σx∈Ωlr

(Fr(x)−Fr)2
Correlation (NCC)

general functional Correlation Ratio (CR) 1− V ar[Fl(x)−E(Fl(x)|Fr(x))]
V ar[Fl(x)]

stochastic Mutual Information (MI) H(Fl(x)) + H(Fr(x))−H(Fl(x), Fr(x))

stochastic Normalized Mutual Information (NMI) H(Fl(x))+H(Fr(x))
H(Fl(x),Fr(x))

Table 1.2: Examples of intensity relationships and appropriate similarity measures. All
similarity measures are defined over the domain Ωlr = T (Ωl) ∩ Ωr, where T is a rigid
transformation and Ωl,Ωr are the original image domains. The MI and NMI similarity
measures are expressed using the Shannon entropy, H = −∑

i pi log pi.

parameters. In the former case the similarity measure is evaluated based on its impact on
the accuracy and convergence range of the registration by comparing registration results
to a known ”gold standard” transformation. In the later case two dimensional graphs of
the similarity measure as a function of each of the transformation parameters are plotted.
These are two dimensional axis aligned orthogonal slices through the six dimensional pa-
rameter space, centered on the known parameter values obtained from a ”gold standard”
transformation.

Both approaches are lacking. The registration based approach does not evaluate the sim-
ilarity measure, rather it evaluates the combination of similarity measure and a specific
optimization technique. The parameter space exploration approach is based on visual in-
spection and on the ability of the viewer to mentally reconstruct a six dimensional terrain
based on six axis aligned orthogonal slices, a task which is nearly impossible. This approach
is thus qualitative and not quantitative.

A quantitative parameter space exploration approach has been recently presented in [92].
This approach starts by exhaustively sampling the parameter space along diameters of
a six dimensional hypershpere centered on the ”gold standard” parameter values. After
evaluating the similarity measure at the sample points several figures of merit are computed.
These describe the function behavior based on the extrema points along the diameters and
the similarity measures rate of change near these extrema.

The second component of iterative intensity based registration is the optimization algorithm.
The majority of algorithms utilize general purpose iterative optimization algorithms, un-
constrained or constrained. Starting from an initial transformation T (0) in each iteration
a new transformation T (i) is estimated based on the similarity measure and the previous
estimate. This sequence converges to a local optimum T (∗), with the iterations terminated
when a user specified convergence test is satisfied. For detailed descriptions of standard
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optimization methods the reader is referred to [23].

While many general purpose optimization algorithms are available, the no-free-lunch the-
orem [36] proves that without making prior assumptions on the objective function there
is no single algorithm that is superior to all others across all possible inputs. Thus, the
choice of optimization algorithm cannot be separated from that of the similarity measure,
as an algorithm will outperform all others only if it incorporates prior information on the
objective function.

Finally, a plethora of heuristic strategies for improving the registration convergence range
are in use. Among others, these include multi-resolution strategies, multi-start strategies
and heuristic search algorithms such as simulated annealing and genetic algorithms. Again,
we emphasize that while these strategies can improve the probability of convergence, they
should be used with care, incorporating problem specific constraints, as the correct trans-
formation parameters often coincide with a local and not global extremum.

The third component required for iterative intensity based registration is an interpolation
scheme. The majority of algorithms use linear interpolation, usually viewed as a compromise
between computational complexity and accuracy of the estimated intensity values. In some
cases this has an adverse effect on the similarity measure, for example MI and NMI estimates
based on linear interpolation exhibit additional local extrema when the images are translated
to grid locations [39], although this effect can be mitigated by blurring the images prior to
registration [34].

Evaluation studies of various interpolation schemes using medical images [48, 63] have shown
that barring nearest neighbor, linear interpolation is the fastest interpolation method al-
though its accuracy is lacking. Both studies show that the best tradeoff between accuracy
and computational complexity is obtained for B-spline interpolation. Given these conclu-
sions it is surprising to find that most registration algorithms still use linear interpolation.
This preference has to do with the effect of the interpolation scheme on the optimization
process, primarily its running time and accuracy. The impact of the interpolation scheme
on the total running time is considerable, as interpolation is performed many times during
optimization. The impact it has on accuracy is usually not as considerable. Given that
the necessary condition for accurate registration is that the similarity measure have a local
extremum for the correct transformation parameters, inaccurate interpolation may not be
too detrimental as long as this condition is satisfied. Finally, as we are dealing with iterative
optimization, interpolation schemes that introduce additional local extrema in the similar-
ity measure reduce the convergence range which can greatly impact automated registration
algorithms as is the case of linear interpolation and MI [39].

1.3 2D/3D registration

Image guided navigation systems utilize 2D/3D rigid registration to align image data to the
physical world for intraoperative navigation.

Definition Given two data sets over the spatial domains ΩL ⊂ R3,ΩRi ⊂ R2 (i=1 . . . n),

FL : xL ∈ ΩL 7→ FL(xL)
FR : xRi ∈ ΩRi 7→ FR(xRi)
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video image

X−ray image

Figure 1.2: Pinhole camera model for X-ray and video images. Location of the image plane
is behind the imaged object in the former case, and in front of the object in the later case.

and camera matrices, Ki = PiTi, where Ti is a rigid transformation and Pi a perspective
projection matrix, find the rigid transformation:

T : xL 7→ xRi ⇔ Ki(T (xL)) = xRi

where xL ∈ ΩL, xRi ∈ ΩRi.

It should be noted that, in the medical context, the only modalities that are modeled as
2D perspective images are X-ray imaging and video images, such as those acquired by
endoscopic systems. While the pin-hole camera model is applicable to both modalities they
do differ in the location of the image plane relative to the imaged object. Figure 1.2 shows
the relationships between camera, object and image plane in both cases.

Figure 1.3 describes the generic 2D/3D registration problem. One or more perspective
images are acquired from known poses relative to a world (fixed) coordinate system W .
Registration is then the task of estimating the transformation relating the volume coordi-
nate system to the world coordinate system, T = TW

V . In general 2D/3D registration is
formulated as an optimization task with the objective function being a sum of objective
functions computed individually per each image.

Note that 2D/3D registration as defined above is closely related to the extensively studied
computer vision problem of pose estimation. In pose estimation a single image is used
as input and the world and camera coordinate systems coincide. Corresponding features,
usually points or lines, are extracted from a geometric 3D model and the 2D image and used
to compute the camera to model transformation. Feature extraction is performed only once,
and the accuracy of the whole approach is highly dependent on accurate feature extraction
and pairing, tasks which are difficult to perform using images of anatomical structures, as
the number of distinct features is usually small.
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Figure 1.3: Coordinate systems used in 2D/3D registration. One or more images are ac-
quired with known camera poses relative to a fixed, world, coordinate system. The estimated
transformation relates the 3D volumetric coordinate system to the fixed coordinate system.
Known transformations are marked by solid lines, estimated transformation by a dashed
line. The figure uses a X-ray image plane to object relationship.

In the medical context, all 2D/3D rigid registration algorithms are iterative, requiring trans-
formation initialization. Choice of initialization approach depends both on the available
data, and on the expected convergence range of the registration algorithm. Several com-
mon initialization schemes exist:

1. manual initialization - the user interactively explores the transformation parameter
space, visually comparing the medical images to computer generated images created
using the current parameter values. The initial transformation parameters correspond
to the most similar computer generated images, as visually assessed by the user.

2. clinical setup - knowledge of patient position (e.g. supine) and imaging apparatus
poses define bounds on the transformation parameters. For example, in X-ray imaging
each camera pose defines a bounding pyramid for the imaged object, with the image
extent serving as the pyramid base and the camera location, its apex. For improved
object localization it is possible to use the intersection of multiple pyramids as the
bounding volume.

3. inaccurate paired point registration - using a paired point closed form solution with
inaccurate point data. This approach can be used:

• When the location of three or more anatomical landmarks is available. Anatom-
ical landmark locations can be estimated in one of two ways: touching the land-
mark with a calibrated tracked probe, if the landmark is already exposed as part
of the procedure, or by indicating the landmark location on multiple perspective
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images and using triangulation to localize it in physical space. In both cases reg-
istration inaccuracy is primarily due to the difficulties in accurate identification
of anatomical landmarks both on the patient anatomy [76], and across multiple
images.

• When using skin adhesive fiducials. Fiducial locations are estimated by touching
the fiducials with a calibrated tracked probe. In this case, registration inaccuracy
is primarily due to fiducial motion between the imaging and digitization stages.

1.3.1 Geometry based methods

In many ways geometry based 2D/3D registration algorithms are very similar to their 3D/3D
counterparts. The geometric objects are 3D surfaces, 2D image points corresponding to
feature locations, and 3D rays emanating from the camera location and going through the
spatial locations that correspond to the 2D features (back-projected rays). Figure 1.4 shows
these geometric entities in the context of CT/X-ray registration.

In [6] known 2D/3D paired points are used to align CT and portal images for patient
positioning in radiotherapy. The 3D points are projected onto the portal image and the
distances between their projection and the known point locations are minimized in the
image plane. Two closed form solutions are presented with the first assuming that the 3D
points are approximately planar allowing for a weak perspective projection model, and the
second assuming small rotations allowing for rotation linearization. This is in practice a
simplified version of the classical computer vision task of pose estimation.

A registration algorithm for aligning X-ray and CT images of the head described in [67] can
be viewed as a variant of the head-and-hat algorithm [69] with optimization carried out in
2D instead of 3D. In each iteration a Digitally Reconstructed Radiograph (DRR), simulated
X-ray derived from CT, is generated. A set of 2D rays emanating from the center of the
X-ray image (”head” centroid) and going towards the image boundary at regular angular
intervals is defined. An edge detector is then used to determine the skull edge location
along the ray direction in the DRR and X-ray images and this distance is minimized, along
with the mean grey level value along the ray. Optimization is done with an algorithm that
initially performs gradient descent and then switches to an approximation of the function
using the first terms of the Taylor expansion.

A straightforward extension of the ICP algorithm to 2D/3D registration is described in [98].
In this case, instead of matching two sets of 3D points, back-projected rays are matched
to the closest 3D model points. Once the pairs of ray-model points are established the
incremental transformation is computed using the SVD based analytic solution for 3D/3D
paired-point rigid registration. To improve robustness, the sum of squares objective function
is replaced with its weighted version using the Huber M-estimator.

A similar ICP like approach is described in [31]. Incremental transformations are com-
puted with a weighted version of the sum of squares objective function using the Tukey
M-estimator, and an analytic solution of the 3D/3D paired point based on the Cayley ro-
tation representation is derived. In addition only a small subset of model points are used
in the closest point computation stage. The authors observe that at the correct position
all back-projected rays are tangent to the model surface defining a 3D space curve on the
surface of the model. As the rays are defined by the object’s 2D boundary, its apparent
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camera location
3D surface

2D X−ray image

Figure 1.4: Geometric entities used in 2D/3D (CT/X-ray) geometry based registration of
a femur bone. These include the 3D bone surface extracted from CT, the spatial locations
of the 2D bone contour points on the X-ray image and the corresponding back-projected
rays. Bone model is displayed in its correct position with back-projected rays tangent to
the model surface.

contour, they should only match points on the 3D space curve that separates front-facing
from back-facing regions, the contour generator. At each iteration the contour generator is
computed based on the object’s current pose. The closest points are then constrained to lie
on this 3D curve.

A feature based two stage algorithm for registering endoscopic video images to CT is de-
scribed in [8]. In the first stage the endoscopic camera motion and a scaled 3D model are
estimated. The estimate is based on the identification of three or more corresponding points
across multiple video images. In the second stage the scaled 3D model is registered to a
surface derived from the CT. Initially the scale of the reconstructed model is estimated
using Principle Component Analysis of the model and a roughly corresponding local CT
surface patch. Once the model’s scale is known the problem is reduced to 3D/3D point to
surface registration and the transformation is estimated using the ICP algorithm.

In [47] X-ray images are registered to CT data using back-projected rays corresponding to
object contours in the X-ray image, and an implicit surface representation. Observing that
for the correct registration parameters the back-projected rays are tangent to the object
surface, the squared distance between the back-projected rays and surface is used as an
objective function. Minimization is then performed with the Levenberg-Marquardt method.
The novel aspect of this approach is in the use of an adaptive, octree-based, distance map to
represent the surface. Figure 1.5 visually illustrates this spatial data structure. It should be
noted that the algorithm assumes that all image contour points arise from projections of the
object’s surface points, an assumption which is rarely valid due to the presence of multiple
objects in an image. In [33] this restriction is mitigated by using a cooperative registration-
segmentation approach. Instead of using all contour points to generate the back-projected
rays, the surface model is projected onto the image using the initial registration estimate
and only contour points that are within a specified distance from the projected surface are
utilized. This in turn implies that the initial registration estimate is close to the correct
one. Interestingly, the basic algorithm can be viewed as the 2D/3D equivalent of the 3D/3D
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Figure 1.5: Surface of femur embedded inside an octree spatial data structure, providing
an adaptive distance map. The distance to the object surface is computed for all vertices
of the octree’s terminal nodes (leaves). Given a query point its distance is computed using
linear interpolation of the vertex distances for the terminal node that contains it.

registration approach proposed by Fitzgibbon in [19] and described above. The primary
difference between these methods is in the implementation of the distance map. In the
3D/3D case the distance map is unsigned and spatially uniform while in the 2D/3D case it
represents a signed distance and is spatially non-uniform.

1.3.2 Intensity based methods

Intensity based 2D/3D registration methods use the same iterative optimization framework
as their 3D/3D counterparts with a slight modification due to the dimensionality difference
between data sets. As direct comparison of the 2D and 3D images is not possible, an
intermediate step is introduced in which 2D simulated images are generated using the
3D image and the current transformation parameters. These simulated images are then
compared with the actual ones using a similarity measure as was done in the 3D/3D case.
It should be noted that image interpolation is performed during the 2D image generation
stage, and no interpolation is required as part of the similarity measure computation.

While this approach is the rule there is an exception [83]. Instead of simulating 2D X-ray
images from the 3D data, the 2D images are used to reconstruct a low quality 3D volume.
This reduces the task of 2D/3D registration to 3D/3D registration, which is then solved
using a multi-feature mutual information based similarity measure.

The task of generating a 2D perspective image from a 3D image, direct or indirect volume
rendering, has been studied extensively in the computer graphics domain [24]. In computer
graphics the end result is the image, and the goal is to achieve visual realism. That is,
the result of the simulation should be as similar as possible to an actual 2D image as
obtained with an imaging apparatus. Luckily, for the purpose of 2D/3D registration a
perfect simulation is not necessary, and interestingly, it is not sufficient. In most cases
even a perfect simulation will not provide an exact match with the 2D images, as the 3D
data does not represent the same physical reality as the 2D images. These two physical
situations most often differ by the presence of tools and shift of soft tissue structures. Thus,
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(a) (b)

Figure 1.6: Digitally Reconstructed Radiograph of dry femur from CT using a ray casting
approach with (a) nearest neighbor, and (b) linear interpolation of the intensity values.
The interval between consecutive samples is one millimeter. Note the visible discontinuities
corresponding to CT slice locations when using the nearest neighbor interpolator.

the quality of the simulation primarily impacts the choice of the similarity measure and does
not directly determine the quality of the registration.

Most of the research to date has focused on registration of various types of X-ray images
to volumetric, primarily CT, data. In this context a Digitally Reconstructed Radiograph
(DRR) is most often generated by casting rays from the known camera position toward
the image plane and summing the volume intensity values found along each ray’s path. In
practice the ray segment contained within the volume is sampled at regular intervals and
the intensity values at these spatial locations are estimated via interpolation. Figure 1.6
illustrates this approach and the effect of the interpolation on the quality of the simulated
image.

Other direct volume rendering methods are also applicable but are less common. One
such method is the splatting technique which was used for DRR generation in [7]. This is
an object order direct volume rendering method where the voxels, or more often a kernel
function that is placed at the voxel locations, are projected onto the image plane. A DRR
is created by summing the intensity values of the projected voxels at each pixel location.

One of the first papers describing intensity based registration of X-ray and CT was the
work of Lemieux et. al [49]. They generate DRR’s using the ray casting rendering method
with registration performed using the NCC similarity measure and Powell’s standard opti-
mization technique. This work identified the main limitation of intensity based methods,
the high computational complexity associated with DRR rendering. This is perhaps the
primary factor that has delayed the introduction of intensity based 2D/3D registration
methods into clinical use.

In [35] digital subtraction angiography images (X-ray angiography) are registered to a mag-
netic resonance angiography image (MR angiography). To enable the use of DRR image
generation via ray casting the MR angiography intensity values are mapped to new values,
resulting in a CT-like angiographic image. Intensity mapping is performed using various
hard, zero one, and fuzzy, probabilistic, segmentation methods. This is similar to the ”fuzzy
segmentation” approach described for 3D/3D registration. Interestingly, a decade after the
initial work on intensity based registration the high computational complexity of DRR
generation via ray casting was still identified as the a limiting factor of this registration
approach.

The high computational cost of rendering volumetric images has long been a subject of
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research in the computer graphics community. A more recent development on the border
of computer graphics and computer vision is the subject of image based rendering. This
subject covers all methods that use a set of images to render novel views from camera
poses not included in the original set of images. A prime example of this approach is the
data structure known as the Lumigraph [27] or light field [50]. This is a 4D parameterized
representation of the flow of light through space in a static scene, as computed from a set
of images of the scene.

This approach was first adopted for fast DRR generation for X-ray CT registration in [46]
under the name Transgraph, with a reported hundred fold improvement in the rendering
time. In this context the images used to construct the light field are DRR’s rendered prior to
the registration process, transferring the bulk of the work to the data structure construction
phase. This approach was used later on in [44] and more recently in [79].

While the light field does improve the rendering speed it has two limitations. The size of
the data structure is large, due to the amount of information required for rendering novel
views, and the novel views are limited to camera poses that are close to those used to
generate the images in the data structure construction phase. This second limitation is
the more constrictive as it requires that the pose of the 2D X-ray imaging apparatus be
roughly known in advance. In clinical practice this is an assumption that can often be
accommodated as there are standard viewing poses (e.g. anterior-posterior). An approach
that mitigates the camera pose limitation at the cost of a smaller improvement in DRR
rendering speed was presented in [78]. Instead of constructing the light field in advance it is
constructed progressively during the registration process when the pose is roughly known.

Another approach to reducing the rendering speed is based on the use of the graphics
processor unit (GPU). DRR’s are generated by loading the CT volume into texture memory,
rasterizing parallel polygonal slices that are perpendicular to the viewing direction and
blending them using a transparency value [10]. In [46] this approach enabled the generation
of 200×200 DRR images from CT volumes of up to 256× 256× 256 voxels in approximately
25ms. In [43] a similar approach enabled the generation of 256×256 DRR images from CT
volumes of up to 256× 256× 216 voxels in approximately 60ms.

While the majority of algorithms deal with 2D X-ray images, intensity based registration
of 2D video images from bronchoscopy to CT data has also been studied in [66]. The regis-
tration framework remains the same, with the only difference being the rendering method.
DRR generation is replaced by a standard surface rendering of a polygonal model extracted
from the CT data.

1.3.3 Gradient based methods

Gradient based methods cast registration as an optimization task where the objective func-
tion is directly dependent on image or surface gradients. This approach has been applied
to registration of X-ray images to CT [51, 84], X-ray images to MR [84], and bronchoscopic
video images to CT [14].

In [51] and [84] it is shown that there is a direct relationship between the 3D gradient vectors
computed from CT intensity values and the 2D gradient vectors computed from an X-ray
image of the same physical object. The relationship is derived using the physical model of
X-ray propagation through material and assumes a logarithmic sensor response, and is as
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Figure 1.7: Relationship between 3D gradient vectors, ∇V (p(λ)), along the ray connecting
camera location c and image point p̃, and the corresponding 2D gradient vector ∇Im(p̃).

follows. The 2D image gradient is proportional to the projection onto the image plane of
the weighted sum of 3D gradient vectors along the ray:

∇Im(p̃) ∝
(

xT

yT

)
r(p̃)

∫

λ
λ∇V (p(λ))dλ

where x and y are the camera coordinate system’s axis with the viewing direction z, p̃ is
a point on the image plane, p(λ) is a point on the ray connecting the camera location and
p̃, and r(p̃) is the distance between the camera location and p̃. Figure 1.7 illustrates these
relationships.

In [51] this observation is used to register X-ray images to CT as follows. For each X-ray
image a set of back-projected rays is defined via edge detection. The gradient of the CT vol-
ume is computed and the objective function is defined as a function of the magnitude of the
volumetric gradient vectors projected onto the image plane along the back-projected rays.
The optimal transformation is the one that maximizes the magnitude of these projections,
which means that the rays are close to the 3D surface in the volume.

In [84] the outlook is reversed. Surface points and their normals are obtained via edge
detection from CT or MR. These points define a set of rays that emanate from the camera
location. The gradient of each of the X-ray images is computed and the objective function
is defined as a function of the magnitudes of the 3D point normals and back-projections of
the 2D gradients at the locations where the rays intersect the image plane, and the angular
deviation between these two vectors. The optimal transformation is the one that maximizes
the magnitude of the 2D back-projected gradients and the 3D normals while at the same
time minimizing their angular deviation.

Interestingly this later approach is utilizing the rate of change in depth along the x and y
camera axes at a specific surface point, which is known in the shape from shading literature
as the surface gradient,(p, q) = (∂z/∂x, ∂z/∂y) [99]. The use of the surface gradient for
registration of bronchoscopic video images to CT is described in [14]. In this case a 3D model
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is extracted from the CT and its surface gradient from the current estimated viewpoint is
computed. An estimate of the surface gradient at each video pixel location is obtained
using a shape from shading technique. The objective function is then defined as a function
of the angular deviation between the two estimates of the surface gradient. The optimal
transformation is the one that minimizes this deviation.

1.4 Registration Evaluation

To evaluate registration we start by defining the characteristics of an ideal registration
algorithm and then describe the criteria for evaluating registration as they relate to these
characteristics. An ideal registration algorithm is:

• Fast: the result is obtained in real time.

• Accurate: after successful registration the distance between corresponding points in
the region of interest is less than 0.1mm. This is the well known Target Registration
Error (TRE) introduced in [61].

• Robust: has a breakdown point of N
2 , more than half of the data elements must be

outliers in order to throw the registration outside of reasonable bounds.

• Automatic: no user interaction is required.

• Reliable: given the expected clinical input the registration always succeeds.

Given these characteristics registration is evaluated using the following criteria:1) execution
time, theoretical analysis and performance on in-vivo or in-vitro data sets; 2) accuracy
in the region of interest, a theoretical analysis, and performance on in-vivo or in-vitro
data sets with a known ”gold standard”; 3) breakdown point, a theoretical analysis; 4)
automation, a binary classification of algorithms as either semi-automatic or automatic; 5)
reliability of the algorithm, if iterative provide proof of global convergence, and an estimate
of the convergence range using in-vitro or in-vivo data sets with a known ”gold standard”
transformation. These are the maximal parameter deviations from the ”gold standard”
that result in a 95% success rate as judged by the accuracy in the region of interest and the
limits imposed by the specific clinical application.

Given these evaluation criteria, it is clear that evaluation necessitates data sets with a known
”gold standard”. Preferably these are in-vivo, reflecting a clinical situation. In practice,
most evaluation studies use in-vitro data, as the common approach to obtaining a ”gold
standard” is based on implanting fiducials which is not possible in most in-vivo situations.
More importantly, these data sets are usually not publicly available, precluding comparative
algorithm evaluations.

The Retrospective Image Registration Evaluation project [20] addresses this issue for 3D/3D
registration, by providing CT/MR and PET/MR in-vivo data sets with known ”gold stan-
dard” transformations. This is a well established database that has been used to evaluate
a wide variety of algorithms from more than twenty research groups [96, 20].

The Standardized Evaluation Methodology for 2-D3-D Registration database [88] is a more
recent effort, providing in-vitro data sets with known ”gold standards” for evaluation of
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2D/3D registration. The database includes pairs of 2D X-ray images and MR/CT/3DRX
(C-arm CT) data sets. As this is a rather recent effort it has only been used to evaluate a
small number of algorithms [89].

Returning to our evaluation criteria, we divide them into two categories, criteria that are
directly observable and those that are not. The former include the algorithm’s execution
time, its breakdown point, and its degree of automation. The later include algorithm
accuracy and reliability.

An algorithm’s execution time is directly observable. In some cases theoretical analysis of
the algorithm’s computational complexity is also possible, although most evaluation studies
only report empirical results. For most clinical procedures real time performance is ideal,
but not necessary, rather, a maximal execution time is defined and all algorithms whose
execution time is below this threshold can be considered equivalent. It should be emphasized
that the execution time criterion includes the total running time. It is often the case that
iterative algorithms do not report the running time of their initialization phase. This is
somewhat misleading as it is the total running time required for obtaining the registration
result that ascertains its applicability.

An algorithm’s breakdown point, its robustness to outlying data, is analyzed in a theoretical
manner. Interestingly, even a low breakdown point does not imply that an algorithm is not
useful, only that a prior outlier rejection phase is required if the algorithm is used. This
is clearly the case with the analytic paired-point registration algorithms whose breakdown
point is one, yet are in widespread use.

We classify registration algorithms as either automatic or semi-automatic, requiring some
form of user interaction. Analytic algorithms are automatic. Iterative algorithms, on the
other hand, may require user interaction as part of their initialization. In most cases this
fact is downplayed with emphasis placed on the automatic nature of the main body of the
algorithm. To gage an algorithm’s applicability for a specific procedure the whole framework
is classified, and not just the algorithm’s main part.

Algorithm accuracy is the single most important evaluation criterion as it directly addresses
the goal of registration, alignment of corresponding points. Two aspects of this criterion
should be noted, accuracy is spatially variant, and it cannot be directly inferred from
the optimal value of the objective function. Very few analytic estimates of accuracy have
been developed. Currently these are limited to paired-point registration algorithms. In
the seminal work of Fitzpatrick et al. [22] a first order approximation of the root mean
square value of the TRE was developed. Later on, Fitzpatrick and West [21] introduced
a first order approximation of the distribution of the TRE. More recently, Moghari and
Abolmaesumi [64] introduced a second order approximation of the distribution of the TRE
based on the Unscented Kalman Filter. For all other registration algorithms accuracy is
evaluated empirically. That is, evaluation studies are carried out in one of two ways, with
or without a known ”gold standard” transformation. When a ”gold standard” is available
accuracy is readily quantified across the region of interest. This approach provides insight
into an algorithm’s behavior but it cannot be used to estimate the accuracy that is obtained
on data sets not included in the study. When a ”gold standard” is not available accuracy is
often assessed qualitatively by visual inspection, and quantitatively by manually identifying
corresponding points. While this approach does provide accuracy information at specific
point locations it depends on the accuracy of manual localization and the information is
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limited to the specific spatial locations.

Finally the reliability of iterative algorithms is most often evaluated empirically using data
sets that have a ”gold standard” transformation. By initializing the registration with pa-
rameter values sampled in the region of the ”gold standard” values the convergence range
can be estimated. As this is an empirical approach its conclusions are only valid if the
input data sets represent the distribution of the general data set population. Ensuring this
requires the use of a large number of data sets.

1.5 Conclusions

Rigid registration has been studied extensively, with current research interest shifting to
non-rigid registration. While most problems in this field have been solved there is still work
to be done, primarily in evaluation and validation.

Currently, the only registration algorithms that are truly complete are the paired-point
algorithms. They have analytic solutions, their computational complexity is known, and
most importantly the expected TRE can be computed. That is, we are guaranteed to
find the optimum, we know how long it will take, and once we have the transformation
we can estimate the error at our target. This is not the case with all other registration
algorithms. The probability to find the optimum subject to certain constraints is high, the
computational complexity is known, but we do not have methods for estimating the TRE.

Interestingly, for 2D/3D registration of bronchsopic/endoscopic video images to CT it is still
not clear how well the existing algorithms deal with clinical data, as most of the reported
evaluation studies have been done on phantoms. It is still also not clear if rigid registration
is sufficiently accurate for these types of procedures as it is an approximation of the true
physical reality.

Finally, we still need to establish standard in-vivo data sets with known ”gold standard”
transformations for evaluating registration of US data to 3D images, 2D/3D registration of
X-ray images to 3D images, and bronchoscopic/endoscopic images to 3D images.
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